The Bi-directional Evolutionary Structural Optimisation (BESO) method is a numerical topology optimisation method developed for use in finite element analysis. This paper presents a particular application of the BESO method to optimise the energy absorbing capability of metallic structures. The optimisation objective is to evolve a structural geometry of minimum mass while ensuring that the kinetic energy of an impacting projectile is reduced to a level which prevents perforation.
Introduction
Energy absorbing structures can be designed using simple, common topologies. These include thinwalled tubes, cellular materials, honeycombs, foams and shells [1] . They provide a general solution for designing energy absorbing structures. In comparison to these standard approaches, numerical optimisation techniques, coupled with finite element analysis, can yield superior structural topologies for energy absorbing structures.
A number of structural optimisation methods, for designing energy absorbing structures, have been reported in the literature. These include techniques for optimising truss structures [2] ; axially loaded, energy absorbing tubes [3] and for structures with specific crashworthiness criteria [4] . Topology optimisation techniques have also been developed for non-linear materials [5] and for energy absorbing structures with a maximum load constraint [6] . Common methods for the topology optimisation of structures include the Solid Isotropic Material with Penalization (SIMP) [7] and BESO method [8] .
The final volume of a structure optimised by the SIMP and BESO methods may be assigned directly by the designer or be calculated by a performance criterion. The BESO method can use a performance index (PI) [9] to measure convergence either against single or multiple criteria. Rozvany et al. used extended optimality [10] to measure the performance of an optimum solution. In their strain energy optimisation procedure, Huang et al. [6] used the crushing force on a structure as a constraint to control the volume ratio at each iteration; the analysis ending after the designs appeared to converge.
The focus of this paper is the implementation of the BESO method to optimise energy absorbing structures. In particular this includes addressing the problem that material strength and damage need to be accounted for when applying these methods to structures undergoing impact. Using maximum stress or a damage initiation criterion directly, to control the volume ratio at each iteration of a BESO algorithm, would be inappropriate since some damage may be inevitable and in fact necessary. It is plastic deformation, which leads to damage, through which these structures absorb and dissipate energy.
This implementation is illustrated with a case study of the optimisation of a metal component impacted by a high velocity projectile. The structure is idealised as a 2D plane stress problem, however the method is also applicable to 3D structures.
Problem definition and optimisation procedure
The objective of this study is to optimise a structure that absorbs the energy of an impactor without failure. For weight critical design, the mass of this structure should be as small as possible. The optimisation method proceeds by discretising the domain using the same finite element mesh of solid elements used for the analysis stage. In this specific example, Abaqus/CAE [11] was used, with the in-house optimisation code optimising the structure. The optimisation algorithm generates a design vector X, with a binary entry for each element, ∈ 0,1 , in the design space, indicating whether the element is active or inactive. The algorithm will activate or deactivate elements at each iteration of the optimisation method; finding the design that best meets the objective and also meets the constraint condition.
The optimisation problem is therefore expressed as:
where the structural mass, , depends on the design. The structure must absorb an amount of energy, , no less than , the kinetic energy of the projectile, without mechanical failure. One method of simulating damage in finite element analysis is by deleting elements from the FE model (unrelated to activating/deactivating elements during the design optimisation) that exceed a value of strain allowed by the material damage model. If < too many elements will exceed this allowable strain and subsequently be deleted, leading to structural failure. Therefore the assumption is made that testing whether or not structural failure has occurred, corresponds to testing whether < . The BESO method. At each iteration, the BESO method calculates a sensitivity number, , for each finite element. This is a measure of how sensitive the objective function is to the addition or removal of that element. For this problem, the objective is to minimise the mass of the structure. Since the structure must absorb sufficient kinetic energy to arrest the projectile, it is necessary to increase the energy density of the structure while also maintaining capacity to absorb the energy, . A derivation of the sensitivity number for generating energy dense structures is [6]:
where, , , describe the volume and energy of the entire structure and , correspond to element j. A sensitivity value is calculated from the FEM results for the current iteration's design.
After an FE analysis, the plastic energy absorbed by the element is read from the last frame of field data.
Elements are ranked according to . The least sensitive elements are deactivated from the design until the volume ratio for the current iteration is met, where 0 ≤ volume ratio ≤ 1. The volume ratio is changed at each iteration by the evolutionary rate; set at 1% of the original volume for this analysis. The volume ratio may increase or decrease based on performance against the design constraints.
High velocity projectile impact. The FE analysis result in Fig. 1 shows the plastic deformation 1 at the last timestep for the model. Visual inspection indicates that most elements experience little or no plastic deformation. In fact, only 10.5% of elements had a non-zero value for plastic strain, . High velocity projectile impacts will result in damage localised near the impact; energy absorbed by structural material distant from the impact location varies inversely with projectile velocity.
This presents a problem in implementing the BESO algorithm for this type of optimisation objective. As most elements will have an arbitrary ranking during the initial iterations in the optimisation, the algorithm may not be able to converge to a solution. In this application the elastic strain energy was used to rank elements that did not experience any plastic deformation. Design constraint. The structure must be designed to be able to absorb the kinetic energy of the projectile without failure or perforation. This is enforced at each iteration by checking that each new design remains connected by material between the two supports, after it is impacted by the projectile. If the constraint test fails, the volume ratio of the component is increased until the constraint is again being met.
The method behind this test begins by retrieving the current iteration's design. Any elements deleted during the finite element analysis, because they exceeded their damage parameters, are removed from this design. A user specifies a begin, B, and end set, E, of elements. There is a check that ensures that each element from B is connected to each element in E. If this condition is met the constraint is considered to have been satisfied. For the case study it was necessary to ensure a continuous path of material between the two supports. The elements selected for these two sets are shown in Fig. 1 . The two elements placed in B, were those on either side, just above the supports. The one element in set E, was just below the impact location.
If the constraint is satisfied the volume ratio is decreased by the evolutionary rate, otherwise it is increased by the evolutionary rate, and a new design is created. This geometry of the new design is tested using the same method, before running the FE analysis. This avoids unnecessary steps of the analysis stage. The volume ratio is continually increased by the evolutionary rate until this new design is found to be connected and the optimisation moves to the next iteration.
The constraint test works by creating a graph in which vertices on the graph correspond to elements, x i = 1, in X. Edges between graph vertices correspond to one or more shared finite element nodes between any two finite elements. This generates a sparse, symmetric connectivity matrix in ℝ n×n for n vertices. The check is then to ensure that each element in B is on the same connected component as each element in E.
Case study
Structural requirements and boundary conditions. The structure was similar to an example described in literature [6] and is shown in Fig. 2 . It was vertically symmetric. The design domain 1 Field output for variable "ELPD" in Abaqus.
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was an area of size × = 0.2m 2 . There were two supports, at distances = 0.15m and = 0.22m from the nearest vertical edge. The circular impactor had a mass of 0.25kg, initial velocity of 200ms -1 , radius 0.025m and was modelled as an analytic rigid surface.
The FE analysis package Abaqus/Explicit was used. The element type CPS4R was used, with a section thickness of 0.01m. Using symmetry, half of the structure was modelled using 10,240 elements. A convergence test showed a 2% and 0.16% change in energy absorbed when increasing the element count from 9,720 to 29,160, then to 87,480. [13] were used. The constants for these models are described in Table 2 using the standard notation. Fig. 3 is an example of a structure correctly found by the algorithm to have failed to absorb all of the energy of the projectile. Deleted elements are those circled and at the impact location. They are shown in a contrasting colour to the rest of the structure. Fig. 4 shows the volume ratio increasing after iteration 37, which corresponds to this design. 
Results
Constraint enforcement. The design in
Optimised component designs
The final design reached by the optimisation procedure is shown in Figs. 5 and 6, with performance of the algorithm shown in Fig. 4 . The final volume ratio was 13% of the original structure. The plastic energy absorbed remained approximately constant throughout the analysis. Large dips in the energy absorbed corresponded to failed structures. These are coincident with increases in volume ratio in Fig. 4 . After iteration 99 the algorithm had converged, remaining at approximately the same design and volume ratio.
Discussion and future work
Optimisation performance. The final design was 13% of the original area. The shape was consistent with what should be expected from high velocity impacts. There was a large amount of material at the impact location where local interaction took place. The thinner material connecting the supports and the impact location absorbed some energy from the global interaction. The containment constraint was enforced by the algorithm, with the volume ratio increased whenever the structure failed to absorb the energy of the projectile without fracture. The volume ratio varied by ±3% after reaching the design shown in The evolutionary rate of the algorithm was constant during the optimisation. Starting with a larger evolutionary rate, which is then decreased, may speed up the optimisation. This would decrease the number of iterations in the initial stages of the analysis, where much of the material removed experiences no plastic strain. Models with fewer elements would speed up the FE analyses.
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While this procedure is sufficient in 2D models, a 3D component can also fail from a ductile plugging failure which would be detected in a 2D model but possibly not in 3D. A method is being developed to address this, but is not discussed in this paper.
